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ABSTRACT

We discuss some results of Shimura on invariant differential operators and
extend a folklore theorem about spherical representations to representa-
tions with scalar K-types. We then apply the result to obtain non-trivial
isomorphisms of certain representations arising from local theta corre-
spondence, many of which are unipotent in the sense of Vogan.

1. Introduction and main results

Let G be a connected noncompact semisimple Lie group with finite center, and
K be a maximal compact subgroup. Let gg and & be the Lie algebra of G and
its subalgebra corresponding to K. Then we have a Cartan decomposition

go = EO@pOa

where pg is a certain subspace of go. We denote by g, €, p the complexifications
of go, fo, Po, respectively. The universal enveloping algebras of g (resp., ) will
be denoted by U(g) (resp., U(E)).
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For a vector space W, denote by S(W) the symmetric algebra over W, and
S, (W) the subspace of S(W) consisting of homogeneous elements of degree r,
where 7 € Zyp. Write

ST W)=Y Sp(W).
0<k<r
Let U"(g) be the subspace of U(g) spanned by elements of the form Z;--- Z,,
with Z; € g, s < r. Recall that there is a C-linear bijection ' of S(g) onto U(g),
called the symmetrization map. We have ¥(S"(p)) C U"(g).

Let V be a Harish-Chandra (g, K')-module. For p € It let V, be the p-isotypic
component of V. Here and after, I denotes the set of equivalent classes of
irreducible (unitary) representations of I\.

Our first result is the following

THEOREM 1.1: Suppose that

W(S"(9)) +U(@E 2 P(S"(P)*), T € Lxo

(true at least for all classical G), and p € K is one-dimensional. For an irre-
ducible Harish-Chandra module V' with V,, # 0, the infinitesimal character of V
determines V' up to infinitesimal equivalence.

The key ingredient for the proof of this simple criterion is a certain surjectiv-
ity result of Shimura on invariant differential operators ([Sh]). For p the trivial
representation, Helgason showed [He2] that this surjectivity holds precisely when
G does not contain any simple factor of the following four exceptional types:
€6(—14)+ €6(—26)> €7(—25)+ €3(—24)- See §2 for the precise statements and other dis-
cussions. Therefore, excluding these four exceptional cases, irreducible spherical
representations are completely determined by their infinitesimal characters. This
assertion is more or less well-known.

We next apply the above result in the context of local theta correspondence.
As it turns out, theta lifts of one-dimensional representations often have one-
dimensional K'-types, especially at the so-called point of first occurrence. As it
is very easy to compute their infinitesimal characters, our results can be used to
identify these lifts quickly.

To be more precise, consider the dual pair [H1]

(O(p,q), Sp(2n,R)) C Sp(2N,R),

where N = 2(p + ¢)n. The theta lift from O(p, ¢) to Sp(2n,R) will be denoted
by 67,9
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Denote by 1 the trivial representation of any group. It should be clear from
the context which is the group concerned. Recall that a compact orthogonal
group has two characters, the trivial and the determinant characters, while for
a non-compact orthogonal group O(k,!), there are four characters. They are
denoted by 1, det, 17~ and 1%, The character 17~ is characterized by

17 o) = trivial, ]1+"|O(l) = determinant.

Likewise for 1=°%.

We now highlight two of our results from §4.

THEOREM 1.2: Suppose that p > q, and consider the dual pairs
(O(p,q),5p(2¢,R)) and (O(p-1,9+1),5p(2¢,R)).

We have

677 (1+) ~ 6P Lo+ (1).

The representations §7;2 (1) (and in fact some larger representations containing
67 (1) as unique irreducible quotients) are determined in [LZ2]. See §4.

THEOREM 1.3: Suppose that p > q, and consider the theta lift of 1™ for the
dual pair (O{p,q), Sp(2p,R)). We have

6P (1) = 6719~ L(11) ~ 6P+ 20(1),

the unitary lowest weight representation of §;)(2p, R) with lowest weight ”—’_f—?lp.
Here 1, =(1,...,1).
N— —r

P

Thus 739 (17F) is actually not a “strange fellow” (cf. [A2]).

Here is the organization of this paper. In §2, we review results of Shimura on
invariant differential operators. In §3, we combine them with those of Harish-
Chandra, Lepowsky-McCollum to arrive at Theorem 1.1. §4 is devoted to appli-
cations of Theorem 1.1 to local theta correspondence.

ACKNOWLEDGEMENT: The author would like to thank Roger Howe and Jian-
shu Li for helpful discussions, and Jeffrey Adams for encouragement.
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2. Invariant differential operators (after Shimura)

Recall that G is a connected noncompact semisimple Lie group with finite center.
Given an irreducible finite dimensional representation p: K — GL(U), denote
by C*°(G;U) the space of U-valued C* functions on G. Set

C(p) = {f € C*(G; U)|f(gk™") = p(k) f(9), ¥g € G,k € K}.

The group G acts naturally on C*°(G;U) and C*®(p) by left translation.
Through the derived action of right translation, the universal enveloping algebra
U(g) acts on C=(G;U) as G-invariant differential operators. Let

D(p) = {B €U(g)|B-C=(p) CC=(p)},

and D(p) be the ring of operators on C'(p) given by elements of D(p). Clearly
there is a natural surjective map

m: D(p) = D(p).

Observe that for g€ G, k€ K, Be g, f € C®(p), we have

[(Ad(K)B)f)(g) = 5 Flo - exp(tAd()B))]co
= Lok exp(tBIE im0 = plk) 5 (0 - ezpltB) om0
= oK) (BS)(gh).
The above equation remains true for B € U(g). In particular for B € U(g)" (the
K-invariants of 4(g)), we have (Bf)(g) = p(k)(Bf)(gk), namely B € D(p). We

thus have
U(g)™ < D(p).

Observe that for f € C®(p) and X € &, we have X f = —dp(X)f. We may
extend —dp uniquely to a C-linear antihomomorphism of (£) into End(U), which
will be denoted by py. Then we have

Bf=pu(B)f, BeUt), feC™(p).

Let
R, = ker(py) C U(E)

be the kernel of py.
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PROPOSITION 2.1 (Shimura, [Sh]):
(a) B € U(g) annihilates C*(p) if and only if B € U(g)R,.
(b) D(p) = U(g)" +U(@)R,.
(c) The natural map
m: D(p) = D(p)

induces an isomorphism ole(g)K/L{(g)K NU(g)R, onto D(b).

PROPOSITION 2.2 (Shimura, [Sh]): If p is one-dimensional, then
(a) D(p) is commutative.
(b) The bijection v: S(g) — U(g) induces a C-linear bijection of S(p)X onto

D(p).
(c) ¥(S™(p)¥) and U (g)® have the same image in D(p), for v € L.

Remark 2.3: (a}) U (g)K U (g)K NU{g)R, is in fact anti-isomorphic to a sub-
algebra of U(a) ® U(t)/R,, where a C p is an abelian subalgebra of g. See
[Le, Theorem 1.3].

(b) Suppose that p is finite-dimensional and irreducible. For ), E; ©® B; €
End(U) © S(p), define ¥(}", E; ® B;) to be the operator on C*(G,U) given by

W(ZE@B» = ZEiw(B»-

Then ¥ induces a bijection of (End(U)® S(p))¥ onto D(p). See [Sh, Proposition
2.2).

Let Z(g) be the center of {(g). Clearly
Z(s) CU(®)" C D(p).
THEOREM 2.4 (Shimura, [Sh]): Suppose that
(2.5) W(S™(8)%) +U(g)E 2 9(S"(P)F), € Zxo
(true at least for all classical G), then the natural map

7| z(g): Z(8) — D(p)

is surjective for p one-dimensional.
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Remark 2.6: For p = 1, the trivial representation, we have D(p) = D(G/K),
the algebra of G-invariant differential operators on the symmetric space G/R .
Here are some historical remarks on the surjectivity of

Z(g) - D(G/K).

(a) Berezin stated (incorrectly) the surjectivity (1957).

(b) The mistake was pointed out by Helgason (1964), and he proved that the
surjectivity is true for classical groups, but not true for some real forms of eg, ¢7, es
[Hel].

(c) Shimura later pointed out a gap in Helgason’s proof. A correct proof was

given by Helgason [He2, 1992] who showed that Z(g) — D(G/K) is surjective if
and only if G does not contain any simple factor of the following four exceptional
types: eg(—14), €(—26)s €7(—25)s €8(—24)-
Remark 2.7: If G is simple, then A has a non-trivial one-dimensional represen-
tation if and only if the pair (G, ) is of Hermitian symmetric type. Suppose
this is the case and suppose that G is exceptional, namely G is of type eg(_14),
e7(—25), then the condition (2.5) will not hold. This is because its validity will
imply in particular the surjectivity of Z(g) — D(G/K), which is false by the
result of Helgason. Thus the additional cases covered by Theorem 2.4 (apart
from p = 1) are really for G classical and of Hermitian symmetric type.

3. Admissible representations with scalar KA-types

Let (m, V) be an irreducible admissible representation of G. Denote by V> the
space of smooth vectors of V, and V* the p-isotypic component of V>, where
p € K. The Harish-Chandra module of (7, V) is then the algebraic direct sum

V=Y Vo

pEK
For each p € I, the space V;° is naturally a U (g)K x K module.

THEOREM 3.1:

(a) (Harish-Chandra, [Ha]) If V° # 0, then the U(g)™ module structure of
V> determines m up to infinitesimal equivalence.

(b) (Lepowsky-McCollum, [LM]) Denote I, = U(g ) ﬂL{(g)Rp. Then I, is
a two-sided ideal in U(g )K, and the action of Zl(g) on V.® factors through
U(g )k /1,. This establishes a one-to-one correspondence between irreducib]e ad-
missible representations V of G with V,2° # 0 and irreducible U( g) / I, modules.

We are now ready to prove the following
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THEOREM 3.2: Suppose that
W(S(9)C) +U(@E 2 9(S"()"), T € Zxo

(true at least for all classical G), and p € K is one-dimensional. For an irre-
ducible Harish-Chandra module V' with V,, # 0, the infinitesimal character of V
determines V' up to infinitesimal equivalence.

Proof: By Proposition 2.1, we have
~ K
D(p) =U(g)" /1,
From Theorem 2.4, we know that the natural map

Z(g) = Ug)" /1,

is surjective under the current hypothesis. Therefore for B € U (g)K, there exists
Zp € Z(g) such that

B-Zgel,

Clearly given B € L{(g)K, such Zp is unique modulo Z(g) N I,,.
Let x be the infinitesimal character of V. Then we have

B-v=x(Zg)v, Be U(Q)K,’U eV,

By the Theorem of Harish-Chandra (Theorem 3.1 (a)), we conclude that the
infinitesimal character x of V determines V up to infinitesimal equivalence. |

Remark 3.3: We comment on the spherical case (p = 1). Note that we need the
surjectivity of Z(g) — D(p) in the proof of Theorem 3.2. In view of Helgason’s
result (cf. Remark 2.6), we see that as long as G does not contain any simple
factor of the type eg(_14), €6(—26)» €7(—25), €3(—24), irreducible spherical Harish-
Chandra modules are determined by infinitesimal characters (up to infinitesimal
equivalence). If G is of type eg(—14), €6(—26), €7(—25) €8(—24), there exist a pair
of inequivalent irreducible spherical Harish-Chandra modules with an identical
infinitesimal character. See Lemma 3.2, [He2] for the Langlands parameters of
such a pair of representations.
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4. Applications to local theta correspondence

Fix a reductive dual pair [H1]
(G',G) C Sp(2N,R).

Let ‘%(2]\7 ,R) be the metaplectic cover of Sp(2N,R), and for any subgroup L of
Sp(2N,R), let L be the inverse image of L in S~p(2N, R). Denote by A’ (resp.,
K} a maximal compact subgroup of G’ (resp., G).

We also fix a (smooth) oscillator representation € of 5p(2N,R). Recall [H2]
that an irreducible admissible representation 7’ of G’ and an irreducible admis-
sible representation 7 of G are said to correspond to each other under the local
theta correspondence (or the Howe duality correspondence) if there exists a non-
zero G' X é—intertwining map

Q7' o

In that case we write
O(n')y=m, or O(r)=n,

or in a symmetric way 7’ < 7.
A basic property of the local theta correspondence is that it has subordinated
to it a correspondence of certain K’ and K types, which we shall describe.
Recall that the Fock model of € is realized in the space F of polynomials in
N variables. Using this, we may associate to each K- and K- -type ocecurring in
F a degree, which will be called the Howe degree Let H be the space of joint
K’ and K harmonics ([H2]). This is a K’ x K-invariant subspace of F.

THEOREM 4.1 (Howe, [H2]): There is a one-to-one correspondence of K'- and
K -types in ‘H with the following properties. Suppose that ' and © are irre-
ducible admissible representations of G and G respectively, and n' < © in the
correspondence for the dual pair (G',G). Let ¢’ be a RK'-type occurring in 7',
and suppose that ¢’ is of minimal Howe degree among all the K -types of '. Let
o be the I -type which corresponds to ¢' in H. Then o is a K -type of minimal
Howe degree in w.

In what follows, we shall only examine the dual pair
(O(p. q), Sp(2n,R)) C Sp(2N, R),

where N = 2(p + ¢)n. The theta lift from O(p, q) to Sp(2n,R) will be denoted
by 879, as in the Introduction.
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We have K' = O(p) x O{q) and K = U(n). The following description of cor-
respondence of K'- and K-types in H is well-known. See, for example, [Al]. We
shall write this correspondence as o’ <> o. Recall that irreducible representations
of O(p) are indexed by (a1,...,0k,0,...,0;¢€), where (ay,...,a,0,...,0) are the
usual highest weights of irreducible representations of SO(p), and ¢ = +1. For
l?(;), irreducible representations are indexed by their highest weights, with their
components integers or half integers. Denote as before

1, =(L...,1).
N——

n

Fact 4.2: Correspondence of joint harmonics for (O(p, q), Sp(2n, R))

o' =(a,...,ar,0,...,0;6) ® (b1,...,b,0,...,0:n) &
o=P"99, +(ar,...,ak 1,..0s1,0,..0,0, =1, .. =1, ~by, ..., —by),
2 —— e e’

154 (p—2k) 352(g-21)

where 2k < p, 21 < q and k+%(p—2k)+l+1_7"(q~2l) <n.
Denote m = p + ¢q. Recall also the correspondence of infinitesimal characters
under the local theta correspondence [Pr]. In particular we have

FacT 4.3: For any character x of O(p,q), the theta lift 87,2 (x) has the in-

finitesimal character with Harish-Chandra parameter (3 — 1, % —2,..., 3 —n).

4.1. THE TRIVIAL CHARACTER 1. The trivial character 1 occurs in the local
theta correspondence of (O(p, q), Sp(2n,R)) for any n. See [Zh], for example.

Note that 87:,2(11) (resp., 8%7 (1)) is the unitary lowest (resp., highest) weight
representation of §;Z)(2n,R) with lowest weight 2 1,, (resp., highest weight —21,).

The representations 7% (1) are very well understood. In fact 679 (1) is
the unique irreducible quotient of a certain natural Sf;;)(?n,R)—module are (1),
called the Howe (maximal) quotient corresponding to the trivial representation
of O(p, q), and complete structures of 2?2 (1) (and therefore 679 (1)) are known
[LZ2]. In particular, QP;7 (1) is K multiplicity-free, and all K-types of QP (1)
and of their irreducible constituents are explicitly described. One may also write
down their Langlands parameters (see [PT] for the unitary case).

The following proposition summarizes some basic and relevant properties of
674 (1). For 0 € C and o = 0,1,2,3, let I{0; ) be the degenerate principal
series of %(211,R) (normalized) induced from the character y§ © |- |7 of the
Siegel parabolic subgroup. Here xg is a certain character of order 4 (roughly the
square root of the sign of determinant).
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THEOREM 4.1.1 (see [LZ2}):
(a) 679 (1) is isomorphic to the unique irreducible constituent of I(o;«) con-
taining the scalar I:'-type £541,, where 0 = %ﬂl and a =p—q (mod 4).
{(b) 62,9 (1) is finite-dimensional if and only if p,q = n+ 1 {(mod 2}, and
pq > n+ 1. In this case, 674 (1) is isomorphic to F(%_n,mn, the finite-
dimensional irreducible representation with the highest weight (5 —n —1)1,.
(c) 874 (1) is unitary if and only if either pg = 0 or both p,q < n+ 1.

The following proposition may be read off from the results of [LZ2]. We give
a proof in the spirit of this article.

PROPOSITION 4.1.2: Let p,q < n+ 1; then we have
g man TP (1) o 9P (1)

Proof: Both 7t1=¢n+1-p(1) and 679 (1) contain the scalar K-type B34,
(Fact 4.2). The infinitesimal character of the latter has Harish-Chandra param-

eter (3 — 1,% —2,..., % —n), while that of the former has Harish-Chandra
parameter (n — 7%,...,1— 7). Since they are conjugate via a Weyl group ele-
ment, the assertion clearly follows from Theorem 3.2. ]

4.2. THE CHARACTERS 1T~ AND 1™F. Without any loss of generality, we
may assume that p > ¢. From the correspondence of joint harmonics (Fact
4.2), we see that 11t~ occurs in the local theta correspondence for the dual pair
(O(p,q),Sp(2n,R)) only if ¢ < n. At n = ¢, we know from the existence of a
certain tempered L1~ -eigendistribution [HZ] that 1T~ does occur. In view of
the persistence principle of Kudla [K], we may conclude that

PROPOSITION 4.2.1: The character 1~ occurs in the local theta correspon-
dence for the dual pair (O(p,q), Sp(2n,R)) if and only if g < n.

At n = g, it will be referred to as the point of first occurrence for 1+~. From
Fact 4.2, we see that 0{;‘{7(]14'") contains the scalar K-type Ezﬁzlq. From Fact
4.3 and Theorem 3.2, we immediately have

THEOREM 4.2.2: Suppose that p > q, and consider the dual pairs

(O(p,q),Sp(2¢,R)) and (O(p-1,q+1),5p(2¢,R)).

We have
P8 (1+7) ~ g batl(1),

We may then combine Theorem 4.1.1 with Theorem 4.2.2 to obtain the follow-
ing
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COROLLARY 4.2.3: (a) 0’_’;‘{1(]1+“) is finite-dimensional if and only if p = q (mod
2), and p > q. In this case, 9&%(1[*") is isomorphic to F(p%g_l)lq.
(b) 02‘,‘{](]1*'") is unitary if and only if p=q,q+ 1,9+ 2, and

1, p=q+2

Remark 4.2.4: The assertion in Corollary 4.2.3 (a) is related to certain inter-
esting phenomenon about solutions of a system of generalized wave equations,
called the “Generalized Huygens’ Principle”. See [HZ].

Now we examine the character 1%, Similarly for 17% to occur in the local
theta correspondence for the dual pair (O(p, ¢q), Sp(2n,R)), we must have p < n.
The next proposition implies that it does occur at n = p.

PROPOSITION 4.2.5: There exists a non-zero tempered 1~ %-eigendistribution
of O(p,q) on the matrix space My,yq,(R). Hence 1% occurs for the dual pair
(O(p,q), Sp(2n,R)) if and only if p < n.

Proof: We consider a larger matrix space Mopt2,(R). According to [HZ], there
exists a non-zero tempered 17+ -eigendistribution ¥ of O(p, p+2) on Map12,(R).
In the notation of [HZ], ¥ = du, is the difference of two O*(p,p + 2) invariant
measures supported on the O(p, p + 2) nullcone in Mapi2 ,(R), where O (p,p +
2} is a subgroup of O(p,p + 2) of index 2. For the case under consideration,
the distribution ¥ is invariant under %(2}), R) (through the smooth oscillator
representation () of ,%(2p(‘2p+ 2),R) on the Schwarz space S(Mapy2p(R))). Cf.
Corollary 4.2.3 (b). But we shall not use this fact.

Write a typical element v € Map42,(R) as v = (

Z) , where

@ = (i) (p+g)xp € Mp+qp(R) and b= (bij) (p—q+2)xp € Mp—g12,p(R).
Corresponding to this, we have the tensor product decomposition
S(Mapr2p(R)) = S(Myqp(R)) © S(My—g2,(R)).
Since W # 0, we see that there exists a ¢ € S(Mp_g42,,(R)) such that
Ul s(Mpsq p®ND¢ 7 O-

This restriction will then define a non-zero tempered distribution on M4, »(R),
which is clearly a 1™ *-eigendistribution of O(p, q). |
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Remark 4.2.6: Tt is not difficult to see that we may take
o(b) = exp(—tr(btb)/Q), be My_qi2,R)

in the above proof.

THEOREM 4.2.7: Suppose that p > q, and consider the theta lift of 171 for the
dual pair (O(p, q), Sp(2p,R)). We have

9{’;‘;(]1_*) ~ 0?;‘;1""1(]1) o 0’:’,‘”2’0(11),
. . . a . . —q+2
the unitary lowest weight representation of Sp(2p, R) with lowest weight E=47=1,,.

Proof:  From the correspondence of joint harmonics (Fact 4.2), we see that
P (1) contains the scalar K-type E=2t2] . Since 67}:1971(1) contains the
same scalar K-type, and since the two representations clearly have the same
infinitesimal character, the first isomorphism follows from Theorem 3.2. The
second isomorphism is a special case of Proposition 4.1.2. |

4.3. REMARKS ABOUT THE DETERMINANT CHARACTER. The determinant
character det of O(p,q) occurs in the local theta correspondence for the dual
pair (O(p,q),Sp(2n,R)) if and only if p +¢ < n. As in the case of 679 (1),
the representation 67,9 (det) is K multiplicity-free, and all its K -types can be
explicitly described. See [LZ2].

The point of first occurrence for det is thus at n = p + ¢, which is in the
so-called stable range. Assume this is the case. From Fact 4.2, we know that
67,2 (det) contains the K-type

pP—4q

1. +(,...,1,-1,...,-1).
2 ——— N———

p q

It turns out that 8739 (det) contains a scalar K -type if and only if pg = 0. When
this happens, clearly we have

070 (det) = 07120(1), 6% (det) = 6075F2(1).

In all other cases, namely p +¢ = n and p,q > 0, the representation ;% (det) is
isomorphic to a certain submodule of 274 (1), where p’ +¢' = n+ 2. See [LZ2],
Theorems 4.15 and 4.17. Note that 9’3;*;{'(]1) is the unique irreducible quotient of
QP (1).
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